CCFU Proof 9

Cassini Identity and H' Orbit

Given. Cy:xpi1 =2p+ Tp_1-

Define (state-pair convention): Q(z,y) = y? — zy — 2.
Claim. Q(zp,xp+1) = (—1)"- Q(x0,z1) for all n > 0.

Proof by induction.
Base case (n =0): Q(zo,z1) = Q(x0,21). v
Inductive step. Assume Q(zy,Tnt+1) = (—1)" - Q(z0,z1). Then:
Q(Tn+1, Tny2) = $i+2 — Tn4+1Tn+2 — xiﬂ
= (Tpy1 + xn)z — Tpy1(Tpy1 + 20) — 55721-1-1
= xiﬂ + 22p 120 + 22 — x%H — Tp41Tn — x%H
= —xiﬂ + Tpr12y + a:i
= —(%21+1 — Tpy1y — )
= —Q(zn, Tn+1)
= (=" Q(zg, z1). [

Corollary (H' orbit). For Fibonacci (29 =0, 1 = 1): Q(0,1) =1, s0 Q(zn, Tns1) = (—1)™
For general initial conditions:

Q(Tn; Tny1) = (—1)" Q(z0, 71).

Under the change of variables:

u=y- 3, v= % x.
Then:
2 2
WP =(y -5 -t =y ey + - =y —ay — 2 = Qlayy).
Therefore all Cy states lie on u? — v? = (—1)" Q(xg, 1) in Minkowski(1, 1). [ |



